We investigate a spatially flat Friedmann-Lemaître-Robertson-Walker cosmology in which a decaying vacuum term causes matter production at late times. Assuming a decay proportional to the Hubble rate, the ratio of the background energy densities of dark matter and dark energy changes with the cosmic scale factor as a −3/2 . The intrinsically non-adiabatic two-component perturbation dynamics of this model is reduced to a single second-order equation. Perturbations of the vacuum term are shown to be negligible on scales that are relevant for structure formation. On larger scales, dark-energy perturbations give a somewhat higher contribution but remain always smaller than the dark-matter perturbations.
I. INTRODUCTION
The origin of the accelerated expansion of the Universe, first described in [1] , is certainly the most challenging problem of modern cosmology, receiving considerable attention today in both theoretical and observational areas [2] . The simplest explanation is a cosmological constant Λ in Einstein's equations which remained the favored option until today and led to the ΛCDM model which also plays the role of a reference model for most studies in the field. Such a constant is usually associated to the energy density of quantum vacuum fluctuations. Because of the cosmological constant problem in its different facets, including the coincidence problem, a great deal of work was devoted to alternative approaches in which a similar dynamics as that of the ΛCDM model is reproduced with a time varying cosmological term, i.e., the cosmological constant is dynamiz ed. So far, the vacuum energy is not well determined by quantum field theories in curved space-time, given the divergences involved in its derivation. For the well-established renormalization method in the case of free conformal fields in an early de Sitter space-time [3, 4] the resulting energy density is proportional to H 4 , where H is the Hubble parameter. But its value today is very small as compared to the observed Λ. A correct order of magnitude is obtained for a dependence Λ ∼ H 2 [5] . This circumstance gave rise to holographic dark-energy models (see, e.g. [6] , and references therein). Further semi-phenomenological ansätze for a time-dependent cosmology term can be found in the literature [7] . Among them there is the proposal that the QCD vacuum condensate associated to the chiral phase transition leads to a vacuum density proportional to H [8] , more precisely Λ = m 3 H, where m ≈ 150MeV is the energy scale of the QCD phase transition. It is this approach that we are interested in in the present paper. The corresponding cosmological model is qualitatively similar to the standard one (the ΛCDM model), with a radiation phase followed by a phase dominated by matter and, subsequently, by the cosmological term [9] . The important point is that the time variation of the cosmological term is concomitant with a process of matter production in order to assure the conservation of the total energy. In this sense, the model may be seen as a particular case of interacting dark-energy models [10] . The Λ ∝ H model has been tested from the observational viewpoint at both the background and perturbation levels. A preliminary joint analysis of the redshift-distance relation for supernovas of type Ia, the baryonic acoustic oscillations and the position of the first peak in the anisotropy spectrum of the cosmic microwave background was performed in [11] , resulting in a present matter density parameter Ω M0 ≈ 0.36. At the perturbation level, the matter power spectrum has been calculated by assuming that the interacting cosmological term is strictly homogeneous [12] . This spectrum reproduced the data for an even higher matter density parameter, Ω M0 ≈ 0.48.
In the present paper we try to clarify the situation by reconsidering the previous analysis in a gauge-invariant setting. This allows us to understand the role of non-adiabatic perturbations in decaying vacuum cosmology. For simplicity we restrict ourselves to the dynamically most relevant components, namely dark matter and dark energy, i.e., we neglect both the baryon and the radiation components. We demonstrate that the entire two-component perturbation dynamics can be reduced to a single second-order perturbation equation for the density contrast of non-relativistic matter. We show also that at high redshifts the non-adiabaticity of the model is small, although non-vanishing, which allows us to use adiabatic initial conditions as a good approximation. In particular, we address the problem of the relevance of perturbations of the dark energy component for structure formation. In many investigations it is assumed from the outset that dark energy does not cluster on small scales. But strictly speaking, this has to be justified on a case-by-case basis for all dynamical dark energy models. As it was argued by Park et al. [13] , neglecting the perturbations of the dark energy component may lead to inconsistencies and unreliable conclusions concerning the interpretation of observational data. For the present model of a decaying cosmological term, however, we shall show explicitly that the dark-energy fluctuations are indeed smaller than the dark-matter fluctuations by several orders of magnitude on scales that are relevant for structure formation. This justifies a posteriori the already mentioned previous analysis in which fluctuations of the dark energy component were not taken into account [12] and which was compatible with a value of Ω M0 ≈ 0.48 for the matter density parameter. This value is considerably higher than the corresponding ΛCDM-value and also higher than the background concordance value obtained in [11] . However, an update of the background tests with the most recent surveys of type Ia-supernovae seems to admit matter density parameter up to this value, at least for some of the data sets [14] . On superhorizon scales the fluctuations of the dark energy contribute a larger fraction to the total energy density perturbation but still remain smaller than the matter fluctuations.
The paper is organized as follows. In section II we introduce the general expressions for our interacting twocomponent fluid, obtain the homogeneous and isotropic background dynamics of the model and perform a detailed analysis of the interaction term. In Section III we derive the central second-order equation for the matter perturbations in terms of which we also determine the perturbations of the dark-energy component. Furthermore, we discuss the non-adiabatic nature of the fluctuations and show that the non-adiabaticity is negligible at early times. Section IV presents the results of a numerical analysis which quantifies the role of perturbations of the dark-energy component. Finally, section V is devoted to conclusions and remarks.
II. THE TWO-COMPONENT FLUID MODEL

A. Basic properties
We consider a two-component system with a total energy momentum tensor
where h ik = g ik + u i u k and g ik u i u k = −1. The quantity u i denotes the total four-velocity of the cosmic substratum. Latin indices run from 0 to 3. We assume a split of T ik into a matter component (subindex M) and a dark energy component (subindex X),
with (A = M, X)
Furthermore, we admit an interaction between the components:
Then, the separate energy-balance equations are
and
In general, each component has its own four-velocity, with g ik u 
The source term Q i is split into parts proportional and perpendicular to the total four-velocity according to
(Alternatively, one could have introduced a split with respect to the matter four-velocity. As we shall see later, for the model of interest here both options lead to identical results.)
The contribution T ik X is supposed to describe some form of dark energy. In the simple case of an equation of state p X = −ρ X , where ρ X is not necessarily constant, we have
We are interested here in the case
where Θ ≡ u a ;a is the expansion scalar and σ is a constant. In the homogeneous and isotropic background one has Θ = 3H, where H is the Hubble rate.
B. Background dynamics
In the homogeneous and isotropic background we have
and, assuming p M = 0 from now on,Ḣ
Combining (12) and (13) we obtainḢ
With
integration yields the Hubble rate [9] 
where a subindex 0 indicates the present value of the corresponding variable. The quantity a denotes the scale factor of the Robertson-Walker metric which was normalized to a 0 = 1. The energy densities are given by [9] 
respectively. For σ = 0 as well as for a << 1 we consistently recover the Einstein -de Sitter universe. For a >> 1, the solution tends to de Sitter space-time. The ratio of the energy densities is
It decays with a −3/2 , i.e., with a lesser rate than in the ΛCDM model for which the corresponding ratio decays as a −3 . But in both cases it approaches zero in the long-time limit.
The balances (5) and (6) take the formsρ
respectively. Since ρ X is given as ρ X = σ 3 Θ = σH, the background source terms are
Alternatively,
Together with (13) we find the balance equationṡ
andρ
Differentiating the expressions (17) and (18) one realizes that they indeed are solutions of (24) and (25).
C. The perturbed source term
Denoting first-order perturbations by a hat symbol and recalling that for the background u a M = u a X = u a is valid, the perturbed time components of the four-velocities arê
According to the perfect-fluid structure of both the total energy-momentum tensor (1) and the energy-momentum tensors of the components in (3), and with u a M = u a X = u a in the background, we have first-order energy-density perturbationsρ =ρ M +ρ X , pressure perturbationsp =p M +p X =p X and
Greek indices run from 1 to 3. For p X = −ρ X it follows
Since the component M is supposed to describe matter, it is clear from (27) that the perturbed matter velocityû Mα coincides with the total velocity perturbationû α . With u n M = u n up to first order, the energy balance in (5) (correct up to first order) can be written as
On the other hand, the total energy balance is
For the difference it follows thatρ
Since, at least up to linear order, ρ − ρ M = ρ X , equation (31) is equivalent (up to the first order) tȯ
In zeroth order we recover (21) with (22). The first-order equation is (cf. (26))
Notice that (33) results from a combination of the total energy conservation and the matter energy balance. It has to be consistent with the dark energy balance (6) . At first order, the latter becomeṡ
This means that
i.e., the projections of Q a along u Xa and along u a coincide. Explicitly,
In a next step we consider the momentum balances. The total momentum conservation is described by
Using u n M = u n again, the momentum balance (7) for the matter component becomes
Consistency between (38) and (39) requiresQ
Notice that we have only used the total momentum conservation and the matter momentum balance. The momentum balance (8) of the dark energy degenerates for the case p X = −ρ X . It does not describe any dynamics. With (40), the source term in the momentum balance is explicitly known. Up to first order the matter momentum balance (39) reduces to
Explicitly, from (40) the first-order source term becomeŝ
D. Basic set of equations
Before explicitly starting the perturbative analysis, we summarize the basic set of equations. It consists of the energy balanceρ
the momentum balance
and the Raychaudhuri equationΘ
In the present case (p M = 0 and p X = −ρ X = − σ 3 Θ) the latter reduces tȯ
Notice that the source terms in the balances (43) and (44) are given by derivatives (temporal and spatial, respectively) of the expansion scalar. In the background, the energy balance (43) reduces to (20) with (22), the momentum balance (44) is zero identically and the Raychaudhuri equation (upon using Friedmann's equation) specifies to (14) . The zeroth-order solutions of the system (43), (44) and (46) are given by (17) , (18) and (16), respectively.
III. PERTURBATION DYNAMICS A. General relations
The general line element for scalar perturbations is
For the perturbed spatial components of the four-velocity one has
which defines the velocity perturbation v. A choice v = 0 corresponds to the comoving gauge. Taking into account the definitionρ M ≡ ρ M,a u a , the balance (43) becomes in first ordeṙ
where we have introduced the first-order fractional perturbation δ M ≡ρ M ρM . With the definitionu a ≡ u a;b u b which leads to (u α )ˆ=u α + φ ,α , the momentum balance (44) becomes in first ordeṙ
To calculate the source termQ in (36) we have the perturbed Raychaudhuri equation. Witḣ
where ∆ is the three-dimensional Laplacian, one obtainŝ
It follows that the source termQ ρM in (49) becomeŝ
It is now convenient to describe the dynamics in terms of the gauge-invariant quantitieŝ
which characterize the perturbations of the expansion scalar, the matter density and the dark energy density, respectively, on comoving hypersurfaces. Then, equation (49) takes the forṁ
Here,Q c ≡Q +Qv is the gauge-invariant perturbation of the source term Q with the explicit (momentum space) structureQ
where k 2 is the square of the comoving wave vector. Eq. (55) with (56) 
where
In the next step we differentiate (57), eliminateΘ c through the perturbed Raychaudhuri equation andΘ c through (57) and change to the scale factor a as independent variable. The result is the following closed second-order equation
where the prime means a derivative with respect to a. The coefficients g(a) and f (a) are explicitly known and depend only on the background dynamics. They are given by
with
Equation ( 
The coefficients A and B do not depend on the wavenumber k, they are of the order of one around the present time with a ≈ 1. The quantity K, however, is scale-dependent. On scales well inside the horizon, equivalent to (59) is of the same structure as the corresponding perturbation equation for a unified viscous dark sector fluid [15] . However, the coefficients g(a) and f (a) are different. In particular, the wave-number dependence is more complicated for the present model.
B. Non-adiabatic perturbations
To clarify the non-adiabatic character of the model it is useful to consider the gauge-invariant perturbations of the dark pressure,p X . Then,p X may generally be written aŝ
In the general case, the non-adiabatic part of the perturbations of the X component is given bŷ
For the present model c 2 s =ṗ Ẋ ρX = −1 is valid, i.e., the X component by itself is adiabatic. For the total non-adiabatic perturbations we havep
Introducing here (67) and rearranging we obtain
Although the X component has no intrinsic non-adiabaticity for the present case, c 2 s = −1 andp X = −ρ X , the two-component system as a whole is non-adiabatic. As it is obvious from (70), non-adiabatic first-order perturbations can be characterized by the quantityρ
where we have used (24) and (25), respectively, it follows with (57) that
Notice thatρ
i.e., the combination (71) is gauge-invariant, although the single terms by themselves are not. Equation (73) implies that the non-adiabatic contribution is completely determined by δ c M and its first derivative. Once δ c M (a) is known, the expression (73) is determined as well. The existence of non-adiabatic perturbations is characteristic for interacting two-component systems. In our case, the non-interacting limit corresponds to σ = 0 ⇒ ρ X = 0 ⇒ Ω M0 = 1, equivalent to the one-component Einstein -de Sitter universe which, of course, has a purely adiabatic perturbation dynamics.
C. Almost adiabatic initial conditions
For a ≪ 1, the non-adiabaticity (73) can be calculated explicitly. This is relevant for specifying the initial conditions. It will turn out that, for the present model, almost adiabatic initial conditions are appropriate. At high redshifts, i.e., for a ≪ 1, Eq. (59) reduces to
with solutions
The asymptotic values for H, ρ M and K for a ≪ 1 are Only if the δ c X term is negligible, the observed spectrum can be related with δ 2 M . The relative importance of the dark-energy fluctuations can be quantified by the expression
where we have applied equations (19) and (66). In the integration of equation (59) we have used scale-invariant, adiabatic initial conditions for k > 0 at z = 1000, which is a very good approximation as discussed in subsection III C above. In Figure 1 we show the ratio (85) at present as a function of k for the range 0.01 M pc −1 h < k < 0.2 M pc −1 h for two different values of Ω M0 . This ratio is much smaller than 1 in the entire region. Hence, we can see that perturbations in the vacuum term are actually negligible. The fact that (85) decreases with k demonstrates that the dark energy component is perturbed significantly at the most at very large scales k ∼ 0. But as Figure 2 reveals, the dark-energy perturbations remain smaller than the matter perturbations even on the largest scales. In Figure 3 we also show the ratio (85) as a function of Ω M0 , for two fixed scales. As to be expected, vacuum perturbations go to zero in the limits Ω M0 = 0 (de Sitter solution) and Ω M0 = 1 (Einstein-de Sitter case). The result for larger k can be seen as a justification of the analysis performed in [12] withρ X = 0. As already mentioned, a good fit of the observed spectrum was found in [12] for a present matter density parameter around 0.48. The corresponding best fit is shown in Figure 4 , where the spectrum was normalized with the BBKS transfer function [17] for large k.
It should be mentioned that the results of the present analysis are not in accordance with those presented by some of us in [18] , where the vacuum term was perturbed and a fractional matter density near 1 was obtained. Some of the reasons for this discrepancy are the following. i) As initial condition, the ΛCDM-model based BBKS power spectrum at the redshift of last scattering has been used in [18] , something which is not completely justifiable since the present 
FIG. 4:
The best fit of the observed 2dFGRS power spectrum. The lines correspond to the BBKS transfer function (blue), the approximate ΛCDM best fit using the numerical method of [12] (red) and the corresponding fit of the interacting model (violet).
model is different from the ΛCDM model. ii) Only the conservation equations for the total fluid were considered in [18] , but not the separate balance equations for the individual components. In this way, the non-adiabaticity of the system was not explicitly explored. iii) A separately conserved baryon component with a fixed relative density was included in [18] . For this reason, the dark-matter density parameter could not vary in the entire interval [0, 1] , which led to some numerical difficulties. In the present gauge invariant treatment on the other hand, the non-adiabatic perturbations appear explicitly and scale-invariant initial conditions are implemented at very high redshifts. Our result corroborates the prevailing belief that in a fluid with equation-of-state parameter ω = −1 no significant perturbations should be expected on scales inside the horizon. As a final point we mention that for negligible dark energy perturbationsρ X ≈ 0 the relative entropy perturbation p nad in (70) with c 2 = −1 reduces top
Obviously, the entropic perturbations increase with the scale factor from a very small value for a ≪ 1 to 1/2 in the long-time limit a ≫ 1. The present value is (1 − Ω M0 )/2, leading to approximately 25% of non-adiabaticity.
V. CONCLUSIONS
We have investigated an interacting dark-energy model in which a vacuum term decays into dark matter linearly with the Hubble rate. The homogeneous and isotropic background evolution of this model is given by simple, explicitly known functions of the scale factor. The two-component linear scalar perturbation dynamics was reduced to a single, second-order equation for the gauge-invariantly defined, comoving fractional density contrast of the dark matter component. Thanks to the specific coupling between the components, the dark-energy perturbation is determined by a combination of the dark-matter perturbation and its first time derivative. The presence of relative entropy perturbations makes the entire dynamics intrinsically non-adiabatic. However, as we demonstrated analytically, this non-adiabaticity is very small at early times. Consequently, for our numerical analysis adiabatic initial conditions could be used as a good approximation for k > 0 at high redshifts. As a main result of this analysis we obtained that dark-energy fluctuations are negligible on scales that are relevant for cosmic structure formation. In other words, for our model dark energy does not cluster on small scales. This result provides an a posteriori justification of the analysis in [12] where dark-energy perturbations were neglected by assumption. This seems also to imply the conclusion obtained in [12] , that the matter-power spectrum is only consistent with a present matter-density parameter Ω M0 ≈ 0.48. This value is compatible (within 2σ confidence level) with an updated joint background analysis of the Λ ∝ H model in [14] . On scales larger than the horizon the contribution of dark-energy fluctuation increases but remains smaller than the dark-matter contribution even in the limit k → 0.
